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Abstract. We consider solving an unconstrained optimization problem by Newton-PCG like
methods in which the preconditioned conjugate gradient method is applied to solve the
Newton equations. The main question to be investigated is how efficient Newton-PCG like
methods can be from theoretical point of view. An algorithmic model with several parameters
is established. Furthermore, a lower bound of the efficiency measure of the algorithmic model
is derived as a function of the parameters. By maximizing this lower bound function, the
parameters are specified and therefore an implementable algorithm is obtained. The efficiency
of the implementable algorithm is compared with Newton’s method by theoretical analysis
and numerical experiments. The results show that this algorithm is competitive.
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1. Introduction

We consider local algorithms for the unconstrained optimization problem
minf(x), x¢& R" (1.1)

If the Hessian matrix is available, Newton-like method is popular for solv-
ing the problem (see e.g. [6] and [9]). In every iteration, its computation
cost consists of the following two parts: (1) evaluating one Hessian V2f
and one gradient Vf which form a Newton equation; (2) solving a Newton
equation. However, for a significant number of widely different applica-
tions, the cost of part (2) tends to be dominate (see e.g. [3]). We confine
ourselves to such case in this paper.
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Grant Council
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A number of modifications have been proposed to improve the original
Newton’s method. An interesting approach is Newton-CG like algorithms,
which are based on the analysis on the inexact Newton method in [4] and the
properties of conjugate gradient method (CG method) (see e.g. [14]). First,
Steihaug and Toint proposed Newton-CG like algorithms (see [18] and [19]),
in which the Newton equation is solved by CG method approximately. Later,
these algorithms were well developed to form a kind of Newton-PCG algo-
rithms, in which the CG method is replaced by PCG method (preconditioned
CG method). In a PCG method, using good preconditioning strategy is
important. Some general-purpose preconditioners have been proposed. The
most important strategies of this type include symmetric successive overre-
laxation (SSOR) (see e.g. [17]), incomplete Cholesky factorization (see e.g.
[10]) and banded preconditioners (see e.g. [2]). It has been shown by a large
amount of experiments that, generally speaking, Newton-PCG like algo-
rithms are very successful (see e.g. [2, 7, 8, 13]. However, their success varies
greatly from problem to problem (see e.g. [14]), and the superiority of this
type of algorithms is usually shown by numerical results alone.

Following [5], this paper investigates further the question that how effi-
cient the Newton-PCG like methods can be. Our research is undertaken
mainly from a theoretical point of view via a rather rigorous analysis on
the efficiency issue, but it is also supported by experimental results. In [5],
a Newton-PCG like algorithm was proposed in which the termination cri-
terion for the subiterations in the PCG step is

[1r(s") ] = [[V2A)s" + VA || <[ VAP (1.2)

where € is a small positive scalar. The conclusions of [5] are obtained under
rather strong assumptions, including that for any nonzero h € R", V3f(x*)
satisfies

VX )hh # 0, (1.3)

where x* is the solution to (1.1).

In this paper, a general algorithmic model is established. Its behavior,
including the convergence speed, is flexible. For example, there is no any
restriction on the one-step convergence order for the sequence generated
by the algorithmic model, while the precisely quadratic convergence is
enforced in [5]. Instead of assigning the power in the termination criterion
(1.2) to be 2 + € in [5], the corresponding power in the algorithmic model
is a parameter, and the value of which can be selected. In fact the algo-
rithm depends on a set of parameters, and the selection of the parameters
should maximize the efficiency, which is a key point for the success of the
algorithm. It is observed that some commonly used efficiency indexes are
too restrictive to fit into our algorithmic model. Fortunately, efficiency of
iterative methods was thoroughly investigated by Brent in [1] in which an
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exact measure of efficiency was given that is applicable to our study. This
measure forms one of the foundations of this paper, and according to it,
the parameters are specified. Thus the implementable algorithm obtained
in this way is more efficient than the algorithm in [5].

It should be pointed out that the assumption (1.3) has been removed in
this paper. In fact, we only use the following standard assumptions:

ASSUMPTION (Al): V?f(x) is Lipschitz continuous with the constant
L in a neighborhood of the solution x* to (1.1);

ASSUMPTION (A2): V2f(x*) is symmetric positive definite.

This paper is organized as follows. In Section 2, the algorithmic model
containing several parameters is proposed. In Section 3, we derive a lower
bound for the efficiency of the algorithmic model, which is a function of
the parameters. By maximizing this lower bound, an implementable algo-
rithm is established in Section 4, and the efficiency of which is also com-
pared with Newton’s method from a theoretical point of view in the same
section. Section 5 contains main results of our numerical experiment.

For convenience of expression, we adopt the following convention:

B
> --=0, when o > B (1.4)

o

2. A New Algorithmic Model

The algorithmic model that we propose here is a class of Newton-PCG like
methods in which the Newton equation is solved either by a CF step or by
a PCG step. The PCG step is obtained by using the standard precondi-
tioned conjugate gradient method. More precisely, the following Algorithm
PCG(C, A,b,l e) is used to solve the linear system

As = b, (2.1)

where C is the preconditioner, / is the maximum number of subiterations,
and e is a scalar used in the termination criterion.

ALGORITHM PCG(C, 4, b, e)
Step 0. Initial data: set the initial point 5o = 0,79 = —b. Set i = 1.
Step 1. Termination test : if

il [<[B)I'7 or i—1=1, (2.2)
go to Step 4.
Step 2. Subiteration:
(a) set z = Cri_y, tio) = z7riy;

(b) if i = 1, then set ¢ = z; otherwise set § = ;-1 /t;_» and ¢ = z + fg;
(c) set s; = s;_1 + Aq, where A =t;_1/q"w and w = Ag;
(d) set r; =ri_1 + Aw.
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Step 3. Set i =i+ 1 and go to step 1.
Step 4. Set s =5;_1.

Using Algorithm PCG(-), the following algorithmic model, called Algo-
rithm CF-PCG(p;/...,l,;a1,...,%,), is established, where p,li,...,[,,
o1, ...,0, are parameters: p is such a nonnegative integer that every CF step
is followed by p PCG steps; the positive integers /i, ..., /, are respectively the
maximum numbers of subiterations in these PCG steps; the positive scalars
ot, ..., are used in the termination test of these PCG steps.

ALGORITHM CF-PCG(p; 1y, ... Lo, ..., 0p)

Step 0. Initial data: set the initial point x” € R". Set k = 0.

Step 1. Termination test : if V{(x*) = 0, stop.

Step 2. Switch test: if k can be divided by p + 1 with no remainder, go
to Step 3; Otherwise go to Step 4.

Step 3. CF Step: set

B = V2f(xN). (2.3)
Find the solution s* to the Newton equation
V(xh)s = —=VAXY) (2.4)

by Cholesky factorization V?f(x*) = L;DyLT. Set m = 0, then go to Step 5.

Step 4. PCG Step: set B = B! and m = m + 1. Find s by Algorithm
PCG((B*) ', V2A(xK), =Vf(x*), b, b/ o). Set s* = §.

Step 5. Update the iterate: set x**! = xk 455, Set k = k+1 and go to
Step 1.

We write the sequence {x*} generated by Algorithm CF-PCG(p;/,..
Loy, ..., 0p) as

*

k 0(p+1 0(p+1)1 i(p+1 i(p+1)+1 i(p+1)+ i+1)(p+1
() = (2D Q0L ) e e (G

(2.5)

where the subscripts CF or PCG are used to show which step (CF Step or
PCG Step) is executed at the corresponding iterate (but these subscripts
are often omitted in later sections in order to simplify notations).

3. The Efficiency Analysis of Algorithm CF-PCG(p;1;,... Loy, ..., ap)

The efficiency of Algorithm CF-PCG(p;/i,...;l);o,...;a,) is analyzed in
this section under Assumptions (Al) and (A2) described in Section 1. The
main purpose is to derive a lower bound of its efficiency which will be
given in Theorem 3.9 below. First we cite a definition of the efficiency
given by Brent [1] and define “Progress index” which is critical to the
proof of Theorem 3.9.
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DEFINITION 3.1.(1]) Efficiency coefficient: suppose that the sequence
{x0,x',...,xF ...} is generated by an algorithm. If {x*} converges to the
solution x* to (1.1), then the efficiency coefficient I' of the algorithm is
defined by

_ k _ x
I = liminf ™ kln”x =~
k—o0 Zi:l Q[xl—ljxl]

where Q[x'~!, x'] is the computation cost required to compute x’ from x

(3.1)

i—1

DEFINITION 3.2.  Progress index : suppose both x¢r and x. are near the
solution x* to (1.1). The progress index v = v[xcp, x| from xcr to x, with
respect to x* is deffined as

In|x. = |

= J=—" = 2
v V[XCFax} thxCF_X*H (3 )

The remainder of this section is to estimate the efficiency coefficient of
Algorithm CFPCG(p;/y,...,l,,o1,...,2,) and to derive Theorem 3.9 via
the following five lemmas.

LEMMA 33. Assume that x, = Xcr + Scp, where scp is the solution to
Newton equation

V2 f(xcr)' = =Vf(xcr)-
Then there exists 6 € (0,1) such that for the solution x* to (1.1), when
l|xc, — x*|| < 9, we have

v[xcr, x4] =2+ 04, (3.3)

where 0, = m <0,y =1 is a constant which depends only on V>f(x*)
and the Lipschitz constant L.

Proof. 1t is well known (see e.g. [6]) that Newton’s method is locally con-
vergent with at least q-order 2. More precisely, when J is small enough, we
have

s = x| = [lxcr = V(xer) Vilxer) = X ||<y|lxer = x|, (3.4)
where 7’ >1 is a constant which depends only on V>?/(x*) and L. Thus,
from (3.4) and Definition 3.2, we obtain (3.3). ]

LEMMA 34 Let the progress index v from Xxcp to x. with respect to x*
satisfy
v =v[xcr, x| = 1. (3.5)

Assume that § is obtained by Algorithm PCG(V3f(xcr) ™", V3(x,),
—Vfi(xc),l,l/oa) with o> 1. Then there exists 6 € (0,1) such that when
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l[xcr — x*|| <6 and ||x. — x*|| <6, the residual r(s) = V*f(x.)s+ Vf(x.) sat-
isfies

1) <HITA x| ™0, (3.6)
where y is a constant which depends only on V*f(x*) and the Lipschitz con-

stant L.

Proof. Without loss of generality, we assume ||Vf{x.)|| < 1. According
to the termination condition (2.2), there are two possibilities: either

(< VA, (3.7)
or the number of subiterations is / with /<n, and in this case,
§=s. (3.8)

The former case implies that the inequality (3.6) is true with y = 1. So we
only need to show (3.6) for the latter case.

First, we estimate the difference between (V2f(x,)); and (V*f(xcr));
where (), is the element in the i-th row and the j-th column of the matrix.
By Assumption (A1), Definition 3.2 and (3.5), we see that when ¢ is small
enough,

(V2f(xe)) — (Vf(xer))yl < Lllxe = xerl | < L(||xe — x*|| + [Ixer — X7
= L(|lxe = x| + [bee = 7)) 2L e — X7
(3.9)

On the other hand, by Assumption (A2), we conclude that when ¢ is small
enough,

* 1 *
IVAx| = [[V/Txe) = VA Z 5 llxe = x|l (3.10)
where y; = min(Ayin, 1), and Ay, is the smallest eigenvalue of the matrix

V2f(x*). It follows from (3.9) and (3.10) that
(V2 1(xe)); — (VPAxer))yl S2L2/7) IVl <yl VAN,

(3.11)
where y, = 4L/y,, which is independent of v.
Second, define
A = (Vflxer) ™ PV (VP xer)) ™ (3.12)

= I+ (Vf(xer) P IVP(xe) — VP(xer) (VPxer) 2.

By Assumptions (A1) and (A2), we know that when ¢ is small enough 4 is
symmetric positive definite. Now we estimate its condition number k;(A4).
Let
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p3 = 2max{|(V(x*) "), [[1 <i,j<n}.
It is easy to see that, when ¢ is small enough,
(V2 flxer) ™) <030 Vi (3.13)
So from (3.13) and (3.11),
(V2 flxer) ™ IV Axe) = VAV Axer) ™)l < Ga/m IV,
(3.14)

where y, = 2n*y,y3. By Gerschgorin Theorem (see, e.g. Theorem 2.3.9 in
[15]), (3.12), and (3.14), we claim that every eigenvalue 4 of A4 satisfies

1= [V <A<+ 9] VA x| (3.15)
Therefore, the condition number k,(A) has the following estimate
1 . 1/v
KQ(A)S +y4va('x>H1/v
L= 94|[VA(x)]
Thus, noticing (lsin% [|Vf(x.)|| = 0, we conclude that when ¢ is small enough,
12(A) <2(1 +74), (3.17)
20,1V
() — 1< 2T
1 =4[ Vf(x) |

Third, consider the case of solving the linear system

(3.16)

AN EAITRAS (3.18)

As=b (3.19)
by the conjugate gradient method (without a preconditioner), where A4 is
defined by (3.12) and

b=—(Vfxcr)) P Vf(x). (3.20)

Suppose that the initial point §p = 0 and §; is the approximate solution
obtained after / subiterations. Let us estimate the residual

F(s;) = As; — b. (3.21)
It is not difficult to see that for all z € R",

V Aminl|2]] 4 <A <V Amax|]2]] 45 (3.22)

where Ap.x and Ay, are respectively the largest and smallest eigenvalues of
A. Therefore,

1Pl _ 145 =Bl [1AG =) _ vV max - 1151 = 571

1611 11450 =Bl 140 =51~ Vamin - 110 = 574

(3.23)
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IFHI/11B]I < VK2 (A) - |Ist = 5711 4/110 = 571, (3.24)

where s is the solution to (3.19). It is well known that, for the conjugate
gradient method the following result holds (see, e.g. [11])

/
[Is1 = 571« <2[10 = 57 4 (%) : (3.25)
Combining (3.24), (3.25), (3.20), (3.17) and (3.18), we have
/
[17(s0)]| <2111 - v/ka(A4) - (%)

<2IV*(xer) ™ I VAR Vi (A)(Viea(4) — 1)

<21V f(xer) ™ PIV20 + 74) @9a) (VA

<ysl[Vfxe) [ (3.26)

where 75 = 4/2(1+ 74)(47,)" - [IV/(x) 7.

Finally, we prove (3.6). Noticing (3.8), it is sufficient to prove
(sl <V (3.27)
In fact, it is not difficult to show that
5i= V(xer)' s,

and '

r(s) = (Vflxer)) i(s0). (3.28)
Therefore, from (3.28) and (3.26), we get (3.27) with y = 2y5|(V2/(x*))"/?||
provided that ¢ is small enough. O

LEMMA 3.5. Let the condition (3.5) in Lemma 3.4 be held. Assume that
X+ = X, + S, where s is defined in Lemma 3.4. Then there exists 6 € (0,1)
such that for the solution x* to (1.1), when ||xcrp — x*|| <0 and ||x. — x*|| <
J, we have

V[XCF) x+]>‘p(la O(,V[XCF, XC]) + 927 (329)
where 0, = m < 0,Y"=1 is a constant which depends only on V?f(x*)

and the Lipschitz constant L, and

_ Jv4min(1,9),  if I< max(v,a);

Vb av) = {2\), if | > max(v,a). (3.30)
Proof. Obviously, (3.4) is still true when the subscript CF is replaced by c.
Therefore, from (3.5) and Lemma 3.4, we know that when ¢ is small enough,
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[l = x| = [lxe = V3A(xe) ™ VAxe) = X+ V2f(x) ()|
<Yl = X2+ 20V T - [
_ —
< ||xe = XN+ 29[V | Ve || T,

(3.31)
However, by Assumption (A2), we know that when ¢ is small enough,
VXl = [IVAxe) = VX <2 Amax|xe — X7, (3.32)

where /i is the largest eigenvalue of V2f(x*). Therefore,
I, — x| < { Y|xe — x*||2 if [< max(v[xcr, x.],a);
Y xe — x|, if [ > max(v[xcp, x|, o),

(3.33)

141/ max(v[xcp,x],o)
)

where ' =y + 8y||V2f(x*) || - max(1, 22, ).
Next we examine the cases /< max(v[xcp, X.], o) and / > max(v[xcr, x|, @)
separately. For the case /< max(v[xcr, x.], ), we conclude from (3.33) that,

when ¢ is small enough,

Voo, x ]:lon+—x*H [ Iny” (3.34)
T i xe — x| T " max(vixep, x o) Injxe — x| '
Therefore,
v[xcr, x4 | = v[xcr, xc] - v[xe, x4
) ln ,y//
> v[xcr, X +min(1, v[xcr, x| /o) + (3.35)

In||xcr — x*||

For the case / > max(v|[xcp, x.], o), we conclude from (3.33) that, when J is
small enough,

In||x; — x*| Iny”
¢ = =2 . 3.36
Ve, x4 In [|x, — x*|| +1n||xc—x*\| (3.36)
Therefore
Iny”
v[xcr, X4 = V[xcr, xc] - v[xe, x1] =2v[xcr, X (3.37)

TR A—
In||xcp — x*|]

Combining (3.35) and (3.37) yields (3.29).

LEMMA 3.6. Let the first p+ 2 iterates generated by Algorithm CF—
PCG(p;1y,...,l;ou,...,0,) be denoted by {xcp,X1,X2,...,Xq41,.--,Xp,
Xpi1}, where xcp = X" is the initial point. Then

liminf v[xcr, Xg11] 2 v, ¢=0,1,...,p, (3.38)
Xcp—Xx*
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where x* is the solution to (1.1) and v, :yqﬂ(ll,...,lq,oq,...,ocq),
g=0,1,...,p, are defined by y(-) given in (3.30) recursively:
w2, (3.39)

def
Vor1 = Vg (ls s lgy o, 0) =W (ly,00,v,),  qg=1,...,p. (3.40)
Proof. Only the case p>1 is considered here since the conclusion is obvi-
ously true for the case p = 0 by Lemma 3.3. Note that when ¢ = 0, (3.38)
can be obtained directly again by Lemma 3.3. So it is sufficient to assume
the validity of (3.38) with ¢ =i — 1(0<g<p—1):
liminf v[xcp, x;] >, (3.41)

XcFp—X*
and to show its validity with ¢ = i:

liminf v[xcp, Xip1] = vy (3.42)
XcFp—Xx*
In fact, by Lemma 3.5, with x.,x,,/ and « there being substituted by
X, Xiv1,l; and o;, respectively, we conclude that

v[xer, Xig1] 2 (L, 0, v[xcer, xi]) + 02, (3.43)
where 0, i1s defined in Lemma 3.5. Therefore,

1Ylgl_12f v[xcr, Xip1) 2 (L, o, v[xer, xi)). (3.44)
However, it is not difficult to see that the function ¥(-,-,v) is continuous
and strictly increasing with respect to v. Thus, combining (3.44) and (3.41)
yields that

lim inf V[XCF, xl'+1] 21#([,-,0(1-,31-). (345)
Xcp—Xx*
Note that, by the definition (3.40), the right-hand-side of the above
inequality is just v, ;. The proof is completed.
(]
The next lemma answers the question that how the lower bound v, in
(3.38) depends on /,(t=1,...,p). It is shown that, roughly speaking, there
is a critical value such that when /; is larger than this value, a further incre-
ment of /; cannot increase v, ;.

LEMMA 3.7. Using the convention (1.4), the function v, ;=v,. (/,...,

Lo, ... ap) defined by (3.39) —(3.40) has the following properties.
M rr
m—1
<2+ L, m=1,...,p, (3.46)

t=1



AN INEXACT NEWTON METHOD 297

and
m—1
lm<2+21r7 m:l7"')p7 (347)
=1
then
p
Voor (o by, yap) =2+ Uy (3.48)
=1
(2) Define
m—1
by=min{l,,2+ > I}, m=1,...,p, (3.49)
=1
then
p
Xp+1(lla--'7lp7alu---7(xp)<2+zllt- (350)
=1
Furthermore, if
m—1
<2+ 0, m=1,...p, (3.51)
=1
then (3.50) is strengthened as
p
Xp—&-l(ha"'711170(17'--70517):2“‘21,,- (352)
=1
Proof. (1) To show (3.48), it is sufficient to prove, by induction, that
q
Xq+1(llv"'7ZQ7O(]7"'7O((]):2+le‘7 qzoulv"'7p‘ (353)

=1
The definition (3.39) implies that the above equality with ¢ = 0 is true. So
the first step of the induction is completed.
As the second step, we assume the validity of (3.53) with ¢=i—1
(0<g<p-1)
i1
vilhs ooy =24, (3.54)
=1
and show the validity with ¢ = i:

Xi+l(ll7"'7If7a17”-7ai):2+le‘ (355)
=1

In fact, by the definition (3.40), (3.54) and (3.30),
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Vier (b oo liyon, .o o)

i—1
= w(liuaiayi) = lp (liaai)2+ th>
=1

i-1 i1 i-1 (3.56)
2+th+min<1,2+%:"['>li if ;< max(2 + 3" 1y, 0);
1

= ' =1

i—1 i—1
2(2—|—Zl[), ifli>max(2+th,ocl-).
=1

=1

Note that the conditions (3.47) and (3.46) imply that

i1
/; < max (2 + Z [, oci) ,

=1
and
o

Therefore (3.55) is obtained from the above two inequalities and (3.56).
Thus, the equality (3.48) is proved.

(2) We prove (3.52) first, and then (3.50). In order to prove (3.52), it is
sufficient to show that

i—1
Vi =24> L+ (3.57)
t=1
if
m—1 B
Wm<2+> L, m=1,...,i-1, (3.58)
=1
i—1
>1=2+Y 1, (3.59)
=1
and
m—1
<2+ Ly om=1,...,0 (3.60)

t=1

Obviously, (3.39)—(3.40) and (3.30) lead to that, fori=1,...,p,

Vi — b = m1n<1,;’l'_>li, %f ;< max(v;, o;); (3.61)
v, if [; > max(y;, ;).
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On the other hand, by the proof in part (1), the conditions (3.58), (3.60)
and (3.49) ensure that

i—1
V=24 l=1 (3.62)
t=1

Therefore, (3.61) leads to
- i1
min (1 ; 2*;4) I, if [;< max (2 + 31, 06;) ;

! t=1

Vi — Y= = - (363)
24301, if /-> max (2 + > 1, oc;).
=1 =1
Notice that (3.59) and (3.60) imply that
i—1
[-> max(2 + Z Iy o). (3.64)
=1
Hence (3.63) yields
i—1
Vi — v =2+ L (3.65)
=1
Now (3.57) is obtained immediately by substituting (3.62) into (3.65), and
hence (3.52) is proved. ]
In order to prove (3.50), it is sufficient to show that v,.,(/1,...,1,
a1,...,0p) is non-increasing with respect to o,(t =1,...,p), or by the defi-
nition (3.39)—(3.40), show that
(VY =yl a?,y), ifa) <a?, (3.66)
and
(Lo, VY <y (Lo, v®)), if v < @) (3.67)
where y(-) is defined by (3.30). In fact, for the cases
I<max(v,a)) and /< max(v,a?), (3.68)
and
[ > max(v,«V) and 7> max(v,a?), (3.69)

the validity of (3.66) is obvious. So we only need to examine the case

[ > max(v,aV) and /< max(v,«?). (3.70)
Obviously, (3.70) implies that

Y(laV vy = 2v=v +min(1,v/a@) = (L, @, v). (3.71)
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Hence, (3.66) is true. The validity of (3.67) can be proved similarly. Q.E.D.

Remark 3.8. According to the definition (3.1), the efficiency coefficient of
Algorithm CF-PCG(p;/i,...,l,;a1,...,a,) is related to not only the con-
vergence speed, but also the computation costs Qpep, Ong, Op and Oy,
which are defined as follows:

Onep = Que +0Op, Ong = 0n + Qy;

Qpy is the computation cost to evaluate a Hessian V2f; Q, is the computa-
tion cost to evaluate a gradient Vf; Op is the computation cost in a CF
Step; Q; is an upper bound of the computation cost in one subiteration of
a PCG Step.

It is reasonable to measure the above computation costs by the corre-
sponding numbers of multiplicative operations involved. So, we regard Qg
and Q, as respectively the number of multiplicative operations to evaluate
a Hessian and a gradient, and Qp is the number of such operations in a
CF step, which is given by the formula:

QD:én3+%n2—§n. (3.72)
Note that the number of multiplicative operations in the first subiteration
in a PCG Step is 2n*> + 51 + 1, but the number in each of the later subit-
erations is 2n> 4+ 6n + 2. Since the difference of these two numbers is rather
small, the larger one

Q= max{2n® + Sn+1,20> + 6n +2} =2n* + 6n+2 (3.73)
is used as an upper bound of them.
THEOREM 309. Algorithm CF — PCG(p;1y,..., Lo, ..., 0p) is locally con-
vergent. Furthermore, its efficiency coefficient I satisfies

FZE[Iéflnprr](ll,...,Ip,otl,p...,otp) ’
Onuep +pQug + (D _1— 1) 01

where Qpep, OQng and Qg are the computation costs defined in Remark 3.8,
and v, (I, ..., by, 00, ..., 0p) has the following property: if we define

m—1
l:ﬂ:min{lm,Z—i—Z:I;}7 m=1,...,p, (3.75)
=1

(3.74)

then
P
XI;+1(Z17'--7lp7a17---7ap)<2+let- (376)
=1

Furthermore, if
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m—1
Otm<2—|-Zl/” mzla"'vpa (377)
=1
then

)4
Vort (oo s bpyony o) =24 h=v, (B, Lo, ). (3.78)

=1

Proof. It is easy to see from the definition (3.39)—(3.40) that
v,=22, i=1,....,p+ 1.

Hence by Lemma 3.6, we conclude that, when x° is close enough to the

solution x* to (1.1), the sequence {x*} generated by Algorithm CF-PCG
(p;li, ... Lo, ..., 0p) is convergent.

Now let us turn to the validity of (3.74). Since Lemma 3.7 shows that
Vo1 = Vpr1 (s lpyor, ..o 0tp), which is defined by (3.39)(3.40), has the
property (3.75)—(3.78), it is sufficient to show that

rs Iny,.
" Qugp + pQug + (X0 1)0;
By definition (3.2),
In(— In [0 H0 ) = @t g et (= In |30 — X)),

(3.79)

(3.80)
where
= Inv[x=DEHD i) i=1,...,J, (3.81)
W = Iny[/PHD | e DEarly (3.82)
Hence, using the notation Q[-,-] defined in (3.1), we have
In(— In||x*F — x* , In(—In||x° — x*||)
Clnlbe =X _ gy 4 o0l . (3.83)
>, O] 0T+ 0T+ 40
where

) 7Mi,q+1_|_,uf_|_..._|_‘u1
7//(]7 Q) - Qj,t]+1 + Qj + . + Ql ) (384)

Q' = QD+ iD= 1.2, .. ], (3.85)

QM = QY D tatl) (3.86)

It is easy to see that
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)4
QHgD +pQHg + (Z lt) Q1>Ql>QHgD > 07 i= 17 s 7] (387)

=1
Therefore by definition (3.1), in order to show (3.79), it is sufficient to
prove that
Iny,
Onep +pQug + X1 101’
where v, is defined by (3.39)—(3.40). We prove (3.88) for two cases: ¢ = p

and 0<q< p — 1, respectively. For the first case ¢ = p,n(j,¢) can be written
as

liminfn(j, ¢) > (3.88)
J—00

W +w
Ot +Q/+---+ Q0
Note that the procedure of generating x'?*1) from x(=De+D (i =1,2,...) is

the same as the one that generates x**! from x°. Therefore, by Lemma 3.6
we have

liminf ' > Inv 1 (3.90)

1—00

n(j,q) =

(3.89)

Combining (3.89), (3.90) and (3.87) yields

A SR

Q +1 - Ql
lnv il

QHgD +pOng + (30—, 1)Or

The proof is completed for the first case.
For the second case 0 <g<p — 1, it is apparent that

Wt O+ 40
N
Note that the inequality (3.87) implies that
j ... 1

lim — o+ . +0

Jj—00 QMH + Qj + -+ Ql
Combining (3.92), (3.93) and (3.91) shows the validity of the inequality
(3.88) for the second case. Thus the theorem is proved. ]

liminfy(j,q) = 11m1nf
J=o0

(3.91)

n(,q) < (3.92)

=1. (3.93)

4. The Implementable Algorithm and Its Efficiency

The purpose of this section is to derive an implementable algorithm from
the algorithmic model CF-PCGp(/y,...,l,,a1,...,0,) and investigate its
efficiency.
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In order to establish an implementable algorithm from CF-PCG(p;
Liy...,l,o,...,0,), we should specify the parameters p,/i,..., [, a1, ..., %,.
A natural idea is to select such parameters that maximize the correspond-
ing efficiency coefficient. However, it is difficult to find the precise relation-
ship between the efficiency coefficient and the parameters, or a definite
relationship may not exist and the situation is problem dependent. Instead
of the efficiency coefficient itself, its lower bound given by the right hand
side of (3.74) in Theorem 3.9 is maximized as follows. We first investigate
the selection of the parameters «;,...,o,. Suppose that /i,...,/, are given,
comparing (3.76) with (3.78) results in the selection

m—1

ocm<2+Zl't, m=1,...,p,
—1

where /) is defined by (3.75). However, «,, appears in Step 4 of Algorithm
CF-PCG(-) and exercises influences on the termination of the subiterations
in the PCG Step according to (2.2). It is easy to see that the larger the
value «,,, the more possible to terminate earlier. Therefore, to save the pos-
sible computation cost, it makes sense to select

m—1

=2+ I, m=1,...p (4.1)
=1

Now we turn to the selection of /i,...,/, such that I" in (3.74) is maxi-
mized. (4.1) yields the validity of (3.78), which implies that, for any
l,...,1l, and the corresponding /}, ..., /[,

Iy, (e o, ey) Iy, (A Do, 0p)

Ouep +pQug + 01 101~ OQuep + pQue + 00 1)0;
Obviously,

(4.2)

m—1

l;n<2+21/t, m=1,...,p.
=1

The above two inequalities imply that I" in (3.74) must have a maximizer
which satisfies

m—1

n<2+> L, m=1,...p. (4.3)
=1

In other words, the maximum of I' can still be achieved if we include the
extra constraint (4.3). The constraint (4.3) and (3.75) mean that

l =1, m=1,...p. (4.4)

m

Thus the selection formula (4.1) becomes
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m—1
=2+ 1. (4.5)
=1

Under the conditions (4.5) and (4.3) and by (3.78), with (4.4) in our mind,
maximizing I" in (3.74) leads to the following optimization problem with
respect to p, i, ..., 1,

ln(2 + Z[t):l Il)

max 3
Ongp + Qg + 37 1) 01
m—1
st n<2+> L, m=1,...p; (4.6)
=1
p is a nonnegative integer and /,, 5, ..., 1, are positive integers.  (4.7)
Introducing a variable ¢ = 7 |/, the above problem is transformed to
the following optimization problem with respect to p,/;,...,/, and o:

- In(2 + o)
Qnep + POhg +0Q;’

max v(p, o)

m—1
st In<2+> L, m=1,...p; (4.8)
=1
p
o=> I (4.9)
=1
p is a nonnegative integer and /1, 5, ..., [, are positive integers.
(4.10)

This problem can be solved by two stages:

(1) For a fixed o, find the optimal values p =p(c) and I, = I,(o),
m=1,...,p. Obviously, these optimal values should make the objec-
tive function v(p,o) as large as possible, i.e. p = p(o) should be as
small as possible. This fact, by (4.9), leads to the conclusion that
In = L,(0) should be as large as possible. Thus if ¢ = 0, then p = 0;
ifeo=1,then/y =1 and p = 1; if 62, then

m—1
L.(c) :2+ZZ,(6) =2" m=12,....,p—1,
=1
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and p = p(c) is the integer satisfying 37 (@-Tom « < Z‘Z(i)] 27 or explici-

m=1

tly, p = p(o) is the smallest integer not smaller than
In(o + 2)
In2

(2) Find the optimal solution ¢* and the corresponding p* =p(¢*) and
L =1lu(c*), m=1,...,p. According to the results in stage (1), ¢* should
be a global solution to the one-dimensional optimization problem
In(2 + o)
max v(o) = - )
(©) Qugp +P(0)Qrg + 001

s.t. ¢ is a nonegative integer, (4.13)

—1. (4.11)

(4.12)

where p(o) is the smallest integer not smaller than ln(li—ga) — 1. Thus after
getting ¢*, the corresponding optimal parameters p* and [, can be
obtained easily. This yields the following algorithm:

ALGORITHM CF-PCG

In Algorithm CF-PCG(p;/i,...,1,;01,...,0,), the parameters are speci-

fied as follows:

(1) Find the global solution ¢* to the one-dimensional optimization
problem (4.12)—(4.13).
(2) p=p* =p(c*), where p(c*) is the smallest integer not smaller than

nQ+0) 4
In2 :
Q) ifer =1, =L=1;if 6" =2,
T 2m, m=1,...,p"—1;
mTim T gt 0 D, m = p*.

*

4) oy =0, =2", m=1,...,p".

THEOREM 4.1. If the initial point x° is close enough to the solution x*, the
above Algorithm CF-PCG is well defined.

Proof. To prove that Algorithm CF-PCG is well-defined, we only need to
show the existence of the global solution ¢* to (4.12)—(4.13). In fact, it is
easy to see that for any nonnegative integer o,

1 In(2+o0)
v(0)<@-f.

Therefore, noticing
lim In(2 + o)

0—00 o

=0
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and

In2
v(0) = 2 > 0,

B QHgD

we conclude that the series {v(¢),0 =0,1,2,...} has a finite maximizer ¢*.
Ul
The efficiency coefficient of the above Algorithm CF-PCG is estimated
by the following theorem.

THEOREM 4.2. The efficiency coefficient I of Algorithm CF-PCG satisfies
r>v %), (4.14)
where v(-) is defined by (4.12), and ¢* is the global solution to (4.12)—(4.12).
Proof. The conclusion comes from Theorem 3.9 directly.  Since Algo-
rithm CF-PCG contains PCG Steps which are used to solve the Newton
equation, its efficiency depends on the spectrum of the Hessian matrix V3.
The worst case is considered in Theorem 4.2, while the best case is shown
in the following theorem. U
THEOREM 4.3. Suppose that when x is close enough to the solution x*,
1 (V(x) =1, (4.15)

where Kk3(-) is the condition number. Then, the estimate (4.14) in Theorem
4.2 is improved as

I'=v", (4.16)
where
In(2 *
it n2+ ") (4.17)

" Ownen + (0°) Qg + p(0") 01

Proof. Consider the sequence
0 .1 g +1 i(o*+1 i(o*+1)+1 (0" +1)+t i+1)(c*+1
{x’,x", ..., x s XD DL et >,...}

(4.18)

generated by Algorithm CF-PCG. According to the structure of the algo-
rithm, the maximum number of subiterations in the PCG Step at x/(" D+ is
either 2/ (when 1 <7 < p(a*)), or a* — Y2~ 2 (when ¢ = p = p(6*)). Now we
show that, under the condition (4.15), this maximum number is reduced to 1.
In fact, the PCG step at x(“ 1+ is used to solve the Newton equation

V2f(xj(a*+l)+t>s _ —Vf(XKUUFI)JH). (419)
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It is well known that this PCG Step is equivalent to the conjugate gradient
subiterations to the preconditional linear system

Aty — 2f( j(o* +l)) 1/2Vf( o +1) +t) (4.20)
with the relationship

At — f( jo*+1) ) 1/2v2f(xj(a*+l)+t)V2f<xj( a*+l))—1/2’ (421)
and

1/2
Vf( J(o*+1) ) S,

Obviously, the condition (4.15) implies that, for sufficientyly large j,

o (A = 1. (4.22)

Therefore, one conjugate gradient subiteration is enough to find the exact
solution to (4.20) to get the zero residual for both the preconditioned sys-
tem (4.20) and the original system (4.19). Therefore, according to the ter-
mination condition (2.2), the maximum number of subiterations in the
PCG Step at ¥(“+D+" js 1. Thus, the upper bound for the total number of
subiterations in all PCG Steps from x(“+D to xUtD(@+1) js reduced to

7o) | = p(c*) from the previous estimate 3"\% /, = (¢*). The theorem is
completed. ]

For the purpose of comparison, the efficiency of Newton’s method is given
in the following theorem, which can be considered as a particular case of
Theorem 3.9 with p = 0, or obtained directly from the result in [1].

THEOREM 4.4. The efficiency coefficient Iy of Newton’s method satisfies

ef In2
FNZVN:VN(H)LJif 1

Oren” (4.23)
Now let us compare the lower bound of the efficiency coefficient of Algo-
rithm CF-PCG, v*, with the one of Newton’s method, vy. Note that, as
shown in Section 1, we are mainly interested in middle and large scale
problems where the arithmetic operations dominate the computing time,
i.e., the problems in which both Qg and Q, are relatively small compared
with other costs. So, we consider the extreme case

On=0;,=0 (4.24)
in the following theorem.
THEOREM 4.5. Compare Algorithm CF-PCG with Newton’s method and

consider the case that (4.24) holds. Suppose v* and vy are respectively given
in Theorems 4.2 and 4.4. Then the ratio v* /vy has the following properties:
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(1) when n=16, we have

v /vy > 1. (4.25)

(2) when n>16, the ratio v* /vy is strictly increasing with respect to n.
(3) when n — oo,

v /vy ~1Inn/In2. (4.26)
Proof. (1) Since Qy = Q, = 0, the problem (4.12)—(4.13) is reduced to
In(2
max v(g) = M, (4.27)
Op+0Q;
s.t. ¢ is a nonnegative integer. (4.28)

In order to describe the dependency on n, we denote
Op =0p(n), Q1= 0i(n),

and express v(g) in (4.27) as v(o,n). It is easy to see that v(1,16) >
v(0,16), and the ratio v(1,n)/v(0,n) is increasing with respect to n. There-
fore, when n>16,v(1,n) > v(0,n). This means that when n>16, the solu-
tion ¢* to (4.27)—(4.28) is positive, and

v(a*,n)=v(1,n) > v(0,n). (4.29)
Therefore, (4.25) is proved by v = v(¢*,n) and vy = v(0,n) when n = 16.
(2) It suffices to show that if n, > n; =16, then

v(o3,m) _ v(af,m)

v (m2) vw(ny)

(4.30)

where o] and o5 are the solutions to (4.27)~(4.28) with n =n; and n = no,
respectively. To prove (4.30), define
v(a,n) In(2 + o) 1
w(o,n) = = — 4.31

1 =5~ 15 0@/ Qo) In2 @30
Obviously, for any fixed ¢ > 0, w(a,n) is strictly increasing with respect to
n since Q;(n)/Qp(n) is strictly decreasing. Recall that it is shown in part(1)
that when n>16,6* > 0. Therefore, if n, > n; >16,

w(ay,n2) > w(ay,ny). (4.32)

However, o3 is the solution to (4.27)—(4.28) with n = n,, which implies

w(as,m) = Honm) Vi) w(ot, ). (4.33)

YN YN
Combining (4.33), (4.32) and (4.31) yields (4.30).
(3) To show (4.26), we maximize the objective function v(g) in (4.27)
with continuous variable ¢ and estimate its maximizer ¢* when n — oo.
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The necessary condition v'(¢*) = 0 leads to the conclusion that ¢* satisfies
the equation

1
2—|-—O'[QD/Q1 + 0] —In2+0) =0,
or equivalently,

240, 240 Q0p/Qs=2

5 | 5 i (4.34)
Introducing
,o2te /02 (4.35)
e e
the Equation (4.34) is transfered to
zlnz =c. (4.36)

Note that the function zInz is increasing when z > e. So it is easy to see
that when ¢ > e, the solution z* to (4.36) satisfies

c . ¢
— << —
Inc Inc—Inlnc
Therefore, when ¢ — oo,
c
o — 4.37
: Inc ( )

Since Qp/Q; ~ n/12 when n — oo, we conclude by (4.35) and (4.37) that
when n — oo, the maximizer ¢* satisfies

(4.38)

At last, let us prove (4.26). Obviously, the solution ¢* to (4.27)—(4.28) satis-
fies
¢ —1<o"<d + 1.
So (4.38) implies that when n — oo,
n/12

" o (4.39)
Therefore, when n — oo,
Wo') = In(2 + %) N In(2 + (n/12)/1Inn) __Inn
0/(0p/Qr+0*)  Oin/12+ (n/12)/Inn)  Q;-n/12’
(4.40)
OF v(a*) Inn Op Inn

w_ v(0) Q;-n/12 M2 2
This is just (4.26). ]
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Remark 4.6. It 1s not difficult to show the order
2 S, (441)

where v*, v* and vy are respectively the lower bounds of the efficiency given
in Theorems 4.3, 4.2 and 4.4, and v} is the corresponding lower bounds
which we obtained by using the concept of efficiency of [1] and the method
given in this paper for the algorithm proposed in [5]. Some values of the
ratios v* /vy, v*/v,, and VE‘S]/VN with Oy = Q, = 0 are given in the following
table. If these lower bounds are taken as an efficiency measure of the corre-
sponding algorithms, Algorithm CF-PCG is the best one.

n = 100 n = 200 n = 300 n = 400 n = 500
v /N 2.29 2.94 3.41 3.66 3.95
v*/VN 1.79 2.27 2.59 2.83 3.03
U[*S]/UN 1.57 2.05 2.40 2.66 2.85

5. Numerical Experiments

Algorithm CF-PCG and Newton’s method are tested in our numerical
experiments. The test problems are quoted from the unconstrained optimi-
zation problems in [12]. Because we are interested in middle and large scale
problems, only the problems with the variable dimension 7, i.e. Problems
21-26 and Problem 35, are considered. Since the code of Problem 35 is
complicated, it is omitted. Note that this paper is mainly concerned with
the case where the arithmetic operations dominate the computing time. So
Problem 26, where the ratio (Qy+ Q,)/Qp approximates 11 when
n = 500, is also removed from our test. Thus, our experiments include five
problems: Problems 21-25. Table 1 lists their names and standard start
points. The ratios (Qn + Q,)/Qp for these five problems are all less than
0.3 when n = 500. In order to compute the parameters p,/y,..., L, a1, ..., %
in running the CF-PCG algorithm and to calculate v*,v* and vy, we need
to use the numbers of multiplicative operations Qp, Q;,Q, and Qp. Here
Op and Q; are computed by (3.72) and (3.73), and Qy and Q, are counted
when the Hessian and the gradient are computed.

Algorithm CF-PCG is executed in C+ + routines with double precision.
The initial points of the test problems are standard start points. Notice
that the algorithm is a local algorithm and our theoretical results are valid
in a neighbourhood of x*, where

IV < 1.
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However, the standard start points given in Table 1 may be rather far
away from x*. So, to prevent the premature case, in our code the termina-
tion criterion (2.2) in the PCG step is modified as

[[7i-1|| < ming||b]|"*, 0.9}.
In addition, the condition
V()] <107 (5.1)

1s used for the termination test, that is, when the condition is satisfied,
computation stops.

In Figures 1-5, the horizontal axis stands for the dimension »n, while the
vertical axis stands for the ratio of the CPU times spent by Newton’s
method and by Algorithm CF-PCG. There are two kinds of ratios:

(1) the ratio of CPU times measured by the practical computation, which
is defined as

R The CPU time by Newton’s method (52)
P The CPU time by Algorithm CF-PCG’ '

The ratios Rpne are dotted by * in Figures 1-5 for Problems 21-25,
respectively. Notice that in Figure 4 there is no * for n = 240,
260, ...,500 since both Algorithm CF-PCG and Newton’s method
are not convergent. The same phenomena appears in Figure 5.

(2) The ratio of CPU times estimated by the theoretical analysis. Notice
that the efficiency of a method is approximately reverse proportional
to the CPU time spent, and the lower bounds of the efficiency coeffi-
cient, e.g. v*,v*, or. vy are approximations to the efficiency of the
corresponding method. Therefore, the ratios Rypeo = v*/vy and
Ripeo = v*/vy should reflect, to certain extent, the ratio of the CPU
time spent by Newton’s method over the one by Algorithm CF-
PCG. We plot Ry and Ry, in Figures 1-5 which form the upper
theoretical curve and the lower theoretical curve, respectively.

Table 1. List of test problems

Problem no. Problem name Standard start point
21. Extended Rosenbrock function (-1.2,1,-1.2,1,... ,—1.2,1)
22. Extended Powell singular function (3,-1,0,1, ... .,3,-1,0,1)
23. Penalty function 1 (1,2, ... ,n)

24, Penalty function 11 1/2,...,1)2)

25. Variably dimensioned function L
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Figure 1. Algorithm CF-PCG versus Newton’s method (Problem 21)
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Figure 3. Algorithm CF-PCG versus Newton’s method (Problem 23)
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Figure 4. Algorithm CF-PCG versus Newton’s method (Problem 24)
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4.5 N
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Figure 5. Algorithm CF-PCG versus Newton’s method (Problem 25)

The “ *  in Figures 1-5 show that Algorithm CF-PCG is more efficient

than Newton’s method. Furthermore, the tendency of the practical ratios
Ry coincide with the theoretical curves. This confirms the validity of our
theoretical analysis in some sense. As we said in the first section, there are
several popular CG preconditioners. In this paper we studied only a rela-
tively simpler case. It would be useful to conduct efficiency analysis for
other preconditioners, but we expect that such a future work shall be more
challenging.
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